A formalism will be presented that allows the transformation of two-equation eddy viscosity turbulence models into one-equation models. The transformation is based on an assumption that is widely accepted over a large range of boundary layer flows and that has been shown to actually improve predictions when incorporated into two-equation models of turbulence. Based on that assumption, a new one-equation turbulence model will be derived. The new model will be tested in great detail against a previously introduced one-equation model and against its parent twoequation model. easily be apprehended beforehand, and it turns out that the Baldwin-Barth model does perform very differently from the underlying k-e model even for simple equilibrium flows. The change in the diffusive terms also changes the behavior of the model near the edge of shear layers and
Introduction
Since the emergence of sufficient computational resources and adequate computer codes to solve the Reynolds-averaged Navier-Stokes equations, the turbulence models of choice have been either algebraic models like the Baldwin-Lomax model (ref. 1), or two-equation eddy viscosity models. The main shortcoming of the algebraic models is the necessity to compute an algebraic lengthscale which becomes increasingly more difficult as the geometry and the flow fields become more complex. Furthermore, algebraic models fail to account for the important non-equilibrium effects and thereby consistently fail to predict the onset and amount of separation in adverse pressure gradient flows. The remedies this deficiency, by introducing a transport equation for the turbulent shear stress, but the model still depends on the specification of an algebraic length-scale.
Two-equation models have the advantage that they are independent of an algebraic length-scale and can therefore be applied to more complex flowfields. The models are built on the assumption that at least two scales are needed to describe the dynamics of turbulence.
A number of different models has been proposed over the years, but they all have in common that a time-scale and a length-scale Duetothese additional assumptions involved in thederivationof the Baldwin-Barth model,the connection between one-andtwo-equation turbulence models is not entirely clear andtheuseofone-equation models isoften associated withasignificant loss ofgenerality.
Theaimof thepresent effort is toestablish afirmconnectionbetween one-andtwo-equation turbulence models thatwill enable thereader tomake ajudgement astowhen theuseof a one-equation model is appropriate (or even superior toa two-equation model). Spalart and Allmaras (refs. 10 and 11) or the author's SST k-to model (refs. 12-14) . It should be pointed out that the improved performance of these models is achieved by allowing the high Reynolds number form of the equations to explicitly depend on the distance from the : -+ J with the following definition for the eddy viscosity:
In order to arrive at a one-equation model, we follow
Baldwin and Barth and express the time derivative of the eddy viscosity by the time derivatives of k and e:
Df/t (, kDk k2D_.l (3)
Replacing the total derivatives of k and _ on the right hand side by the right hand sides of equationl 1 gives a single transport equation for the eddy viscosity, which, however, depends on k and _ as well as on the eddy viscosity:
This presents a closure problem with one equation for three unknowns.
In order to close the equation, two additional relations have to be provided. The first one is the definition of the eddy viscosity, equation 2, which allows one to replace e by the eddy viscosity and the turbulent kinetic energy: It xs therefore to be expected that the introduction of equation 6 will actually lead to improved predictions of non-equilibrium flows.
Since we have a complete set of equations, the one-equation model can be derived by straightforward substitution. The result is: It is obvious that changes in the diffusion coefficient o¢ have only limited influence on the computed results (the same is true for°k)" A 30% change in c_ leads to a change of only 3% in the spreading rates. The assumption that ok= o_ is therefore not very restrictive and the corresponding terms in equation 8 can be neglected. The second assumption in the derivation of the model is therefore:
The resulting high Reynolds number form of the equation is: 
The standard k-e model constants of c_1 = 1.44, %2 -1.92, crt--0.09=ai 2 and oz = 1.0 have been used. Note that the transformation leads to c2 = 2/o_ = 1.71 with a_ = 1.17. Since c_ was chosen to be equal to t3k and not equal to o¢, the coefficient c2 had to be slightly recalibrated to match the law of the wall. 
The original 
They are based on c_l = 1.2, %2 = 2.0, c_ = 0.09=al 2 and oe = 0.7 for the underlying k-e model. 
v t = D2v t based on the following expressions:
and 1< = 0.41. Furthermore the molecular viscosity is added into the diffusion term in analogy to the k-e model.
The coefficient
A ÷ is equal to A÷=13.5. The complete form of the equations is given in the next section.
General Form of the Equations
As has been pointed out by Spalart (ref. 10) Of_bf2
An alternative but numerically more expensive form would be:
Similarly, all y-derivatives are replaced by their complete invariant forms.
As has been pointed out previously, the inverse of the v.
Karman length-scale can become singular whenever f2
goes to zero, leading to an infinite destruction term E k _ E"
In order to prevent this from happening, the destruction term is limited by a multiple of the Baldwin-Barth destruction term, EBB:
with a constant c 3 = 7. EBB is defined as:
Equation 23 In order to arrive at an invariant formulation, all occurrences of the swain rate are replaced by the absolute value of the vorticity _:
av
The final form of the equations is:
Free Shear Flows
Serf similar shear Myers are very important test cases which allow to obtain insight into the performance of turbulence models, _,ithout the need for large computer resources. In this section the models will be tested against the standard free shear cases, namely a self-similar mixing layer, the plane and round jet and the serf similar far wake.
The equations are cast into self-similar form following Wilcox (ref. 5) , resulting in the following two ordinary differential equations for the non-dimensional velocity U and the non-dimensional eddy viscosity N:
with:
1.
where j=l for the round jet and j=0 for the plane flows.
The non-dimensional variables are defined as follows:
Self-similar mixing layer:.
u(x,y)
"n = y-
X U 1 is the velocity of the upper stream (the lower stream has velocity zero).
Self-similar far wake:
Self-similar jet:
The coefficients in the equations can be obtained from reference 5 and equation 3 (SN=2Sk-S¢.) (Note that the coefficient Sk in reference 5 should be 2U for the round jet): 
Asymptotic Solution Near Shear Layer Edge
The 
are introduced into the equations. Straightforward algebra shows that the exponents for the (k-_)lE model are:
Therefore, the velocity and the eddy viscosity approach the shear layer edge linearly. It is interesting to note that the solution for the k-e model is also linear for o, = o¢ = 1 so that the asymptotic behavior of the k-¢ model carries over to the present one-equation model.
The Baldwin-Barth model does not have a solution of the form given by equation 41. However, as pointed out before, there is no theory available to show that the existence of algebraic solutions is a sufficient, or even a necessary condition to prevent free stream dependency.
Numerical test will have to be used to obtain insight into the model characteristics. Nf, especially as the grid is refined. Figure 2 shows the computed velocity profiles on the finest grid (n=4000) What are the implications of the results shown in Figs. 1-3 for Navier-Stokes applications? There are two different strategies. The first one is to specify small values for the eddy viscosity in the freestream (inflow). The advantage of low values is that they can be specified unambiguouslyvalues that are a fraction of the molecular viscosity will ensure that they are small compared to those inside the It is well known that the k-e model gives too low spreading rates for the far wake and so does the (k-e)lE model, however, the author agrees with reference 8 that the far wake analysis should not be given the same weight as the other flows, because it is only valid fax away from the body. The more important near wake is strongly dependent on how the wake was generated and is not covered by the present analysis.
Equilibrium Boundary Layer Flows
Wilcox ( It is obvious that the freestream sensitivity could not be resolved in (ref. 9) . As in the free shear layer computations, the influence of the freestream values and grid densities is not confined to the vicinity of the boundary layer edge, but affects the whole layer. Table 5 shows the computed cf-values for the different cases, reemphasizing this point. figure 6 . Results similar to the present ones have been reported by Coakley (ref. 27) for the Launder-Sharma model.
Samuel-Joubert Adverse Pressure Gradient Flow
The Samuel-Joubert flow (reL 28) is one of the standard test cases for non-equilibrium adverse pressure gradient flows. In this flow, a flat plate boundary layer develops under an increasingly adverse pressme gradient. The unit Reynolds number is 1.7 x 106. The flow is retarded, but not separated. The computations have been performed on a 90 x 90 (verified on a 120 x 120) grid. Figure 10 shows a comparison of the computed and the experimental wall shear stress distributions. The standard k-¢ model gives higher c,f -values than the experiments already close to the inflow as a result of its failure to accurately predict a zero pressure gradient boundary layer (fig. 8) . The (k-e)lE model is in better agreement with the data, but develops somewhat too high wall-shear levels as the pressure gradient becomes more severe. This is in agreement with the findings for the equilibrium flows.
Since the wall shear depends on the specifics of the damping functions, a better comparison of the high Reynolds number behavior of the models can be obtained from the velocity profiles. Figure 11 shows that the two models produce almost identical results -a testimony to the correct-heSS of the assumptions leading to the Oc-¢)lE model for this flow. It was found previously that the Samuel-Joubert flow is not a very severe test case and non-equilibrium effects are small, so that a good correspondence between the two models had to be expected. showing the velocity profiles. Again it can be seen that the (k-E)l E model predicts a stronger retardation due to the pressure gradient, but not enough to be in good agreement Since Bradshaw's relation is generally more realistic than equation 7, the (k-e)lE model gives better results than the standard k-e model.
Backward Facing Step Flow
The backward facing step is one of the most widely used test cases for turbulence model evaluation. (refs. 11, 12, and14) .
Thevelocity profiles depicted in figure18showthatthe highReynolds number differences between themodels are amazingly small. Thevelocity profiles arealmost identical This is a general problem with existing models and has been observed before (refs. 11, 12, and 14) .
Turbulent
shear stress profiles are shown in figure 19 . Again, the experimental profiles are depicted in a cartesian and in a shear layer coordinate system. The shear layer direction is defined as the direction of the streamline at the location where the velocity in the profile is half the difference between the minimum and the maximum velocity.
The results of the two models are very similar. The (k-e)] E model predicts slightly lower shear stress levels due to the adverse pressure gradient, again as a results of the introduction of Bradshaw's relation, equation 6. It is for this reason that the reattachment location is predicted more accurately by that model. Both models predict the location h=2, 4, 6.5, 8, 14, 32. of the maximum shear stress in the recirculation region at a different location than given by the experiment --a shortcoming also observed with other models. This might be partly responsible for the failure of the models to predict the correct flow recovery further downstream.
NACA 4412 Airfoil Flow
The following flowfield was investigated experimentally by Coles and Wadcock (ref. 32 x/c (./u.xo.i) one-equation model are better than those of the twoequation model for the same reasons as in the previous flows. Differences between the models are larger than for Drivers's case, indicating that the flow is even more out of equilibrium.
A significant improvement with the data is achieved compared to computations without tunnel walls (refs. 12 and 33) , especially with regard to the boundary layer thicknesses (which were signiticandy underpredicted before) and the velocities outside the boundary layer. However, figure 21 shows that the experimental pressure distribution still could not be reproduced accurately. The computed suction peak is higher than in the experiment, resulting in a more severe pressure gradient along the upper surface. The reason for the discrepancies is not entirely clear, but is not a result of deficiencies in the turbulence models, since models which almost duplicate the velocity profiles still don't match the wall pressure. Note however, that in the experiment a rectangular test section was mounted inside a round wind tunnel, with the walls of The combined blockage effect of the airfoil and of the inner test section could have interfered with the flow ahead of the airfoil. Since the experimental inflow conditions into the test section are not known and since uniform flow so close to the airfoil is unrealistic, the wind tunnel wails simulated in the computations were extended to five chords upstream of the leading edge and uniform flow was specified. These differences in geometry can very well be responsible for the discrepancies in the pressure distributions.
It should however be noted, that the differences in the pressure distribution are not responsible for the lack of separation in the models, since the computed pressure rise is actually higher than the one in the experiments.
Transonic Bump Flow
The final test case is the transonic bump flow of Bachalo and Johnson (ref. 34) . In this experiment an axisymmetric boundary layer interacts with a shock wave created by a circular arc. Only the highest Mach number case (Ma=0.925) will he shown. The nmnber of gridpoints was 150x3x80 which was found to produce grid independent results in a previous study (ref. 13). Figure 22 shows the wall pressure distribution computed by the two models, compared with the experiments. The (k-e)lE model gives significantly better results than the standard k-e model. Note that this flow is the strongest non-equilibrium flow in the study and the differences between equations 6 and 7 are therefore largest. Again, Bradshaw's relation leads to a significant improvement in the comparison, although the shock is still somewhat too far downstream with the new model.
Conclusions
The connection between one-and two-equation models of turbulence has been reexamined. It was found that the standard k-e model can be transformed into a one-equation model based on only two assumptions. The first one is that the diffusion coefficients in the k-and the e-equations are the same. By enforcing this condition in the k-e model, it was shown that only minor changes resulted from it. The Note that the diffusion coefficients in the k-and the co-equation are equal so that no terms proportional to the difference of these two constants appears (see eq. 8). 
Baldwin

